ON THE ASYMPTOTIC REDUCED VOLUME OF THE RICCI 
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I Abstract. In this paper, we consider two different monotone quantities de- 

' fined for the Ricci flow and show that their asymptotic hmits coincide for any 

ancient solutions. One of the quantities we consider here is Perelman's reduced 
volume, while the other is the local quantity discovered by Ecker, Knopf, Ni and 
Topping. This establishes a relation between these two monotone quantities. 
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1. Introduction 

A smooth one-parameter family of Riemannian metrics {M, g{t)),t G / with 
/ C M being an interval, is called a Ricci flow when it evolves along the equation 

(1) = -2Ric(^7(t)), 

where Iiic{g{t)) denotes the Ricci tensor of g{t). In this paper, we are concerned 

\0 • with ancient solutions and will use r := — t to represent the reverse time parame- 

^ I ter. An ancient solution is a Ricci flow (M, g(t)) which exists for all t G (—00, 0]. 

• ' In the study of the Ricci and other geometric flows, monotone quantities have 

■ been playing significant roles. One of Perelman's achievements in his seminal 

0\ '. paper }Pe] is the monotonicity of the reduced volume given by 

O 
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%,o)(r) := / (47rr)-"/2e-^( '^)d/i,(.) for r > 0. 



X 

^ ■ Here, and henceforth, d/j denotes the volume element. The precise definition of 

the reduced distance i = £(p,o) from the base point {p, 0) G M x {0} is recalled in 
the next section. An application of the monotonicity of the reduced volume is to 
rule out local collapsing for the Ricci flow ( [Pel §7]). Throughout this paper, we 
adopt the convention that V(p,o)(''") = 1 for (and only for) the Gaussian soliton, 
i.e., the trivial Ricci flow {W,g{T) = gE) on the Euclidean space. 
Subsequently, another monotone quantity of the form 

1 



^(P,0)('^) 



\ViY + R[n\og 



dfidr for r > 



\/4:7lT 

was also discovered by Ecker, Knopf, Ni and Topping ( [EKNT] ). Here R = R{-,t) 
denotes the scalar curvature of g^r) and Er is a certain subset, called 'pseudo heat 
ball', of the space-time. The precise definition is given in the next section as well. 
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At this point, it is natural to ask the following question ( |EKNTj ). 

How is the local monotone quantity I{r) related to the global one 
V{t)? 

Partially motivated by this question, we now state the main result of the present 
paper as follows: 

Theorem 1. Let {M"', g{T)),T G [0, cxd) be a complete ancient solution to the 
Ricci flow with bounded curvature. Then for any p G M, we have 

(2) lim V(pfl)iT) = lim /(p,o)(r). 

r — ^oo r — *oo 

Our Theorem [T] can be thought of as a general answer to the question quoted 
above, as well as a Ricci flow analogue of the following: for any Riemannian 
manifold {M'^,g) with non- negative Ricci curvature, 

/ox 1. f u ^-n/2 ( di-,Pf \j y yO^B{p,r) 

Here, ujn stands for the volume of the unit ball in the Euclidean space (M."-,gE)- 
See |Vol2-It Proposition 12.4] for the proof. The right-hand side of ([3]), denoted 
by I'ig), is called the asymptotic volume ratio of {M^,g). The well-definedness of 
is due to the Bishop-Gromov comparison theorem. 
We refer to the limit V{g) := lim^_>oo V{pfl){'^) as the asymptotic reduced volume 
of the ancient solution {M, g{T)),T G [0, oo) to the Ricci flow. This term was 
introduced in the author's previous paper |Yoj . As the notation indicates, V(^) 
is independent of the point p E M ( |Yot Lemma 3.3]). The main theorem of |Yoj 
was the following gap theorem for ancient solutions to the Ricci flow. 

Theorem 2 ( |Yoj . cf. |Yo2] ) . There exists > depending only on n > 2 such 
that: let {M^, g{T)),T G [0, oo) be an n-dimensional complete ancient solution to 
the Ricci flow with Ricci curvature bounded below. Suppose that its asymptotic 
reduced volume satisfies V{g) > 1 — Then {M"^ , g{T)),r G [0, oo) must be the 
Gaussian soliton. 

We notice that the assumption on the curvature in our Theorem [T] is stronger 
than that in Theorem [21 This is because there are two different proofs of the 
monotonicity of the reduced volume in the literature (e.g. [Vol2-I] ): one of which 
works only in the bounded curvature setting where we are able to invoke Shi's 
estimate. Shi's gradient estimate serves as a fundamental tool in the study of the 
Ricci flow, and our proof of Theorem [1] presented in this paper also relies on it. 

Instead, we intend to generalize Theorem [1] in two other directions; generaliza- 
tions of the Ricci flow and the reduced volume are discussed in the next section. 
See Theorem [11] below for the statement of the main theorem. 

The rest of this paper is organized as follows. In the next section, we review 
definitions and results in [Pej . |EKNT] and |Ni3] . This will be done for super 
Ricci flows. In Section 3, we restate the main theorem. The proof of the main 
theorem is presented in Section 4. 
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2. Definitions 

In this section, we recall the so-called reduced geometry of the Ricci flow in- 
troduced by Perelman. The references are |Pel §§6, 7], |Yej and |Vol2-Ij . etc. We 
follow the notation of |Vol2-Ij . 

As mentioned earlier, we intend to develop the reduced geometry in more gen- 
eral situation. First, we recall that a family of Riemannian metrics (M, 5'(t)), r G 
[0, T] is called a super Ricci flow ( [McToj ) when it satisfies 

< 2Ric(^?(r)). 

Apart from the backward Ricci flow, a basic and important example of a super 
Ricci flow is 

(4) gir) := (1 + 2Cr)go, r E (o, 

for some fixed Riemannian metric go with Ric(5'o) > Cgo for some constant C G M. 

As was pointed out by the author in ^Yoj . it is straightforward to generalize 
the reduced geometry to the super Ricci flow if the following assumptions on 
2h := -^g are imposed. 

Assumption 3. Letting H := trg(^)/i, h satisfies 

2divh{-) = (Vif, ■) (second Bianchi identity) and 

d 

(5) ~d~^ - + ^'^'^ (heat-like equation). 

It is clear that backward Ricci flows {h = Ric) and above examples in {h = 
(^ + 2r)^^5f(r)) are super Ricci flows satisfying Assumption^ The inequality ([5D, 
with > replaced by =, is nothing but the evolution equation of the scalar curvature 
R := trg(^)Ric along the Ricci flow. This fact seems to explain a surprising 
similarity between the two theories of the Ricci flow and of Riemannian manifolds 
with non-negative Ricci curvature; Harnack inequalities, entropy formulae and 
links to optimal transport theory, and so forth (e.g. |Mu] . [Nlj . [Toj . |Loj). 

We shall say that a super Ricci flow (M, gir)), r G [0, T] is -controlled when 
we can find a positive function K{t) > of r such that 

sup {\h\ + iViJp} < K{t) for each r G (0,T]. 

Afx[0,r] 

According to Shi's gradient estimate (e.g. |CLNt Theorem 6.15]), any Ricci flow 
with bounded curvature is C^-controlled in this sense. 

In what follows, (M",5f(r)),r G [0,T] or [0, oo) always denotes a complete 
C^-controlled super Ricci flow satisfying Assumption [3] unless otherwise stated. 

Next, we recall the definitions of monotone quantities discovered in |Pej . |EKNTj 
and |Ni3] . respectively. Fix p G M and let ip = (p{-,t) > be a non-negative 
locally-Lipschitz function on M x [0,T]. We assume that the derivatives Vy? and 
-^if as well as ip itself satisfy a mild growth condition, e.g. max{(p, | V<y5p, |^V^|} < 
3C'(l + rfg(,)(-,j9)2) for each r G (0,T]. 
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Definition 4 (|Pe]). Fix r G (0,T]. We first define tlie C-length of a curve 
7 : r f— > (7(r), r) G M x [0, f] by 

Then the reduced distance between {p, 0) and {q, f) & M x (0, T] is defined by 

1 

2^ "7" 

Here we take the infimum over all curves 7 : [0, f] — > M with 7(0) = p and 
7(r) = g. The lower bound for ensures that the reduced distance is always 
achieved by a minimal C-geodesic. 

Finally, letting K(^pfl){-,T) := (47rr)~"/2 gxp(-£(p o)(., r)), we set 



^(p,o)(g,^) := ;r^inf >C(7). 



J M 

When (f is identically 1, we drop and call V(p,o)(''") := -^(p,o)(") 'T)dfJ'g{T) the 
reduced volume as usual. The base point (p, 0) is often suppressed. 

Definition 5 ( [EKNTj . |Ni3j ). For any r > 0, we let Er denote the 'pseudo heat 
ball' given by 

Er := {(g, r) G M X (0, T];K{q, r) > r'^}. 
Then for a non-negative function 99 > on M x [0, T], we define 



^ JJ^ [\VhgiKr-)\' + H\ogiKr-))ipd^dT 



and 



V^^^ + - 



Here is the area element induced by the product metric g := g{T) + dr"^ on 
M X (0,T). 

The following proposition stated in |Ni3] gives the relation between 



and Jj o)( 



(p,o) 



Proposition 6 ( |Ni3] ) . For any r > 0, 



Let us look at an example. In our terminology, Watson's mean value formula 
for heat equations ( |Wa] ) can be stated as follows: 

Example 7. Let (]R",(yf(r) = gE),T ^ [0, C)o) be the Gaussian soliton and (f = 
(p{-, t) be a smooth solution to the heat equation + A)(p = 0. (Recall that r 
is the backward time.) Take any p G M". Then i^(p^o)('; t) is the heat kernel and 

^M)!^) = \ [[ I'^^ogKl'ipdfidr = ip{p, 0) for all r > 0. 
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We now state two theorems asserting that the quantities introduced above are 
monotone. 

Theorem 8 (cf. [Pi], |Vol2-I] . |Yo]). Let {M"", g{T)),T e [0, T] be a complete 
-controlled super Ricci flow satisfying Assumptions^ Suppose that > 
satisfies + Ag(^^))(p < in the distributional sense, namely, 



(6) / e|^-(V^,V^) 



M 



dr 



for any non-negative smooth function > with compact support. Then for any 
p G M, V|pg^(r) is non-increasing in r & (0,T) andlimr^o^V^f^-^^r) = (p{p,0). 

Proof. The proof of the theorem is identical to the original one for ^^(p,o)(''") < 
0; the monotonicity of the reduced volume along the Ricci flow (e.g. |Vol2-Il 
Theorem 8.20]). See [YoJ for how the original proof is modified for the super Ricci 
flow satisfying Assumption [21 We leave the details to the interested reader. □ 

Theorem 9 ( |EKNTj ). Let {M'^,g{T)),T G [0,r] be a complete super Ricci flow 
satisfying Assumption with time- derivative -^g bounded below. Suppose that 
> satisfies + Z\g(,-))y9 <0 in the distributional sense. For any p G M, find 
r* > such that r G (0, r^,) implies that Er G Mx [0, T—e) for some e = e{r) > 0. 
Then I'^pQ-^{r) is non-increasing in r E (0, r*) and limr^o+ -^(p o)(^) ~ viP^^)- 

It was shown by Ni ( |Ni3] ) that </(po)('") non- increasing in r for smooth 

if > and sufficiently small r > so that K is smooth on Ej.. His point is that 
the monotonicity of /^^^-^(r) is a consequence of that of <^(po)('^) Proposition 
[6l The following fact is well-known: 

Tf ^(") ■ ■ • ^ n ■ /o/(^)^^ 
If ——- IS non-mcreasmg m r > (j, then so is . 

W) Jo g{ri)dr] 

An example of > as in the above theorems, other than the constant function 
(/9 = 1, is the function 



(p{q,T) := max|0, ^ J>, 



where o)('?; := 4r£(p, o)(Q') t) with {p^, 0) G M x {0} and p > is a positive 



constant. We deduce this from the inequality + Z\g(T-))L < 2n ([Pel (7.15)]). 
A function which is similar but has compact support was utilized by Ni ( |Ni2j ) 
in order to localize the forward Reduced volume of Feldman-Ilmanen-Ni ( |FINj ) 
and Perelman's W -functional ( |Pe| §3]). 

We refer to |Ecj for earlier works on (local) monotonicity formulae and their 
applications for mean curvature flow. 

We close this section with several facts which will be required later. They are 
also utilized in the proofs of Theorems [H and [91 The proofs can be found in [Ye] , 
|Vol2-Ij etc. 
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Proposition 10. If '§;:9 ^ ~K9{'^) on M x [0, r] for some constant G M, then 



for any q G M, 



-Kf 



At 



Proposition 11. For each t > 0, we have — ^c,(t) + H)K < in the distri- 
butional sense. More precisely, 



(7) 



M 



holds for any non-negative Lipschitz function ^ > with compact support. 

Proposition 12. Let {M, g{T)),T G [0,T] be a complete C^- controlled super Ricci 
flow. Then there exists a positive function K*{t) > of t such that 



di 



K*(t) 

< + 1) a.e. on M 

T 



for each r G (0,T). In particular, J^^|V£pe ^d^g(r) CL^d f^e ^d^g{j--) make 



sense. 



3. Main result 

The main theorem of the present paper will be formulated at the end of this 
section. Before that, let us go back to the question in the introduction. In order 
to answer the question, Ecker et al. ( [EKNTj ) focused on gradient shrinking Ricci 
solitons. 

Definition 13. A triple (M, g., /), with / being a smooth function on M, is called 
a gradient shrinking Ricci soliton if there exists a positive constant A > such 
that 

(8) Ric + Hess/ -^(7 = 0. 

Given a gradient shrinking Ricci soliton (M, g., /), we can construct an ancient 
solution to the Ricci flow (e.g. [CLNl Theorem 4.1]). This is done by expanding 
and pulling back the metric g by the diffeomorphisms generated by the vector 
field —V/. The resulting ancient solution (M, 5fo(r)),r G (0, oo) is given by 

(9) ^o(r) := ^{^rTg for r G (0, oo). 

It was shown by Zhang ( |Zhj ) that the gradient vector field V/ is complete 
whenever the metric g is complete. 

We define the Gaussian density (or normalized f -volume) 0(M) of gradient 
Ricci soliton (M", g, f) by <S){M) := j\j{A-KXy/'^e-f d^. In the sequel, we tacitly 
normalize the potential function / by adding a constant so that A(|V/p+-R)— / = 
0, with R being the scalar curvature. This is always possible (e.g. |Vol2-H Lemma 
1.15]). 

In this setting, Ecker et al. prove 
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Proposition 14 f jEKNTl Corollary 18]). Let {M,go{T)),T G (0, oo) be the an- 
cient solution to the Ricci flow determined by a compact gradient shrinking Ricci 
soliton (M, g, /). Fix any p G M. Then for any r > and r > 0, 

%,o)(r)=/(p,o)(r) = e(M). 

Note that in the situation of Proposition [TH {M,go{T)) shrinks to a point as 
r —>■ 0+ and what they are dealing with is the reduced distance form the singular 
point. Hence the results like 

• 0(M) < 1 and 

• 0(M) = 1 <^ (M",5() IS isometric to (R'',gE) 

does not follow from Proposition [H] (immediately, at least). It was |CaNij and 
|Yoj where such comparison geometric results were established under respective 
curvature conditions. (See Proposition [17] below.) This is how our Theorem 
[1] differs from Proposition [TH (We should mention |Naj and [En] where the 
reduced volume based at a singular point was studied under some singularity 
assumptions.) 

Before stating our main theorem, let us prove the following 

Proposition 15. Let (M", g) be a complete Riemannian manifold of non-negative 
Ricci curvature regarded as a static super Ricci flow, i.e., gij) = g. Then for any 
peM, 

lim /(p,o)(r) = u{g). 



r— >oo 



Here u{g) denotes the asymptotic volume ratio of{M^,g) as before. 
Proof. As was shown in |EKNT[ Lemma 9], with ip := logi^', 

1 /" /" r , ,2 dip 

I 

Using ffTOl) and that £(p^o)(")T) = j:pd{-,pY, we know 



(10) /(p,o)(r) = - / / [l^^r - ^-"^^ all ^ > 0- 



I 

\ f f n 1. f n / I r*^\ 

^') = -njj^^ Y/^"^^ 27^°^^ l^' V ^) 

The rest of the proof is a simple calculation. □ 
Now we are in a position to state the main result of this paper. 

Theorem 16. Let [M"' , g{T)),T G [0, cxd) be a super Ricci flow which is complete, 
ancient and -controlled. Then for any p E M and a non-negative locally- 
Lip schitz function > with (^ + Ag(r))^ < in the distributional sense, we 
have 

(11) lim V,'^^Jt) = lim If „,(r). 

Clearly, Theorem [16] contains Theorem [1] as a special case. 
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4. Proof 



Proof of Theorem UU. In order to establish (fTT]) . we follow the same line as in the 
proof of Theorem [9] given in [EKNT] . 

First of all, we fix small e > 0. Take a C°°-f unction r] : (—00,00) [0,oo) 
such that the support is contained in [0, e] and v{y)dy = 1- We define C{x) := 
Jq rj{y)dy and Z{x) := ({y)dy. Notice that 17 is a smooth approximation of 
the Delta function, and hence, ( and Z approach to the Heviside function x and 
the function x ^ [x]^ := max{x, 0} as e — > 0+, respectively. More precisely, for 
any x G (—00, 00), we have 

Xix-e) < C{x) < 

and hence 

[x — e]^ < Z{x) < 

Set 

Q(s,r) :=/"/" (|VlogK|2C(log(irr")) + /fZ(log(irr")))(/?(i/idr 

for all s > and r > 0. We also put X(s,r) := Q{s,r)lr'^ and X(r) := X(0,r). 
Then we know 

(12) e-=J(^ o)(e-"/"r) < J(r) < /(%)(r) for all r > 0. 

Here we used the fact ( |Ch] . |Yol Proposition A. 2]) that: For any complete ancient 
super Ricci flow {M,g{T)) satisfying ([5]), H is non-negative on M x [0, 00). 
Next, we have 



d 



I{s,r) 

r a 
n dr 



dr 

~A-^QM-Q{s,r)) 

n 



r 



n+l 



Mx [s,oo) 



I V log I \' + HZ' - I V log fsT I - HZ^ ifdfidr. 



We use the well-known formula -^djJLgi^r) = Hdng(^T-) to get 



d 

d^ 



Z(\og{Kr''))^dfL 



M 



9ir) 



M 



dr. 



Since /^.fxi^/} Zipdn = for all s' » 1 with M x [0, s') D Ej., we obtain 



Z{\og{Kr''))^dfi 



Thus 
(13) 



Mx{s} 
d 



Mx [s,oo) 



-1^ 

' K dr 



ZH)ip + Z^ 



dr 



dfidr. 



dr 

where we let 



T(s,r) 



n 



Adfidr 



Mx [s,oo) 



Z{\og{Krn)vdfi, 



Mx{s} 



A:= log K\'^C + HZ' - \V log K\^C + Z 



, 1 dK\ 



K dr 
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We also let 



A := - (V£, V(C<^)) + (-1 V£p + H + 



1 dK 
K~d7 



+ [Z^ - ( VZ, Vip) 

to observe that 
(14) 

To show ^\M . we have used 
iVlogfsTpCV^^/i 



M 



M 



A^djj,g{r) < for all r > 0. 



M 



(Vlogir,VC)<^ci/i 

M 

\V log K, V(C<^)) - C(V logir, V<^)] dfi 

M 



M 



The last inequality in follows from ([6]) and 
Integrating f[T3|) for ri < r < r2 yields 

T(s,r2) -T(s,ri) 



ri 
oo 



^rfr / rfr / Ad^ig(^r) + E{s;ri,r2) 
Js Jm 

Ti f 

-—^dr AJfig(r) + E{s;ri,r2) 
Jm 



r 

dr 



where E{s] ri,r2) denotes the extra term: 

E{s;ri,r2) := dr Z{\og{Kr''))ipdiJ,. 

Jri Jmx{s} 

We have applied Fubini's theorem. This can be done freely due to (IT^ . 
Now we see that E{s] ri, — > as s — 0+. Indeed, 



lim sup E{s; ri, 



< lim sup (r2 — ri)(n log 

< limsup (r2 — ri) ( rilog 



r2 



Vol, 



gis) 



s) < n lo£ 



r2 



'Atts- 



iOn 4ns log 



r2 



ns 



n/2 



=0. 



With this observation, letting s 0+ yields 

(15) J(r2) - J(ri) = / dr -^dr I Arf/i,(.) < 0, 

Jo Jri ^ Jm 

which implies the monotonicity of X(r) in r > 0. (We can now let e — > 0+ to 
that /^pQ^(r) is non-increasing in r > 0.) 
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Here, for any positive A' > 0, we set 



n 



r.n+1 



r]{log{Kr'^))dr, 



and and Kz are also defined similarly. It is easy to check by using the 
integration by parts that 



K. = Kz = e^^'^^K, where e^^"^^ :-- 



r]{y)e ^dy. 



Notice that dirf) < and dirf) as £ — > 0+. 
Then for any r > 0, 



n 



dr I Ad^, 



M 



■9{r) 



M 

Jiv) 



K.dK\ 



dip' 



M 



M 



dK\ 



.dip' 



dip' 



HK+—jip + K—^dfXg^r)- 



We are implicitly using the integrability of each term (Proposition [T2l) to derive 
the equations above. 

By letting r2 ^ oo and ri ^ in f|T5|) . we then get 

lim X(r) — limX(r) 

r—*0 



r^oo 

"OO 



dr 



n 



dr 



Finally, we take e 0+ and use f[T^ to conclude that 



r.n+1 



M 



dr / Ad^ 



M 



'9{-r) 



dip 



dfig{T)- 



(16) Jim/J„)(r)-^(p,0) 



On the other hand, we know that 



(17) 



lim 



^(;,o)W-^(P'0) 



dr 



dr 



M 



M 



dK\ 



dip' 



'dK 

v\d7 



+ KH)ip + K^]dfig^r) 



□ 



Combining (fT6!l and (fT7|) completes the proof of Theorem 

Let us reconsider shrinking Ricci solitons. We let gsi^) := go{T + s), t G [0, oo) 
for some fixed s > 0, where Qoir) is the ancient solution defined in ([9]). Notice 
that r = is no longer the singular time for [M, gs{T)). 

Proposition 17 ( [Yo' Proposition 5.1]). Let {M,g,f) be a complete gradient 
shrinking Ricci soliton with Ricci curvature hounded below. Then 



e(M) = V{gs) 



ON THE ASYMPTOTIC REDUCED VOLUME OF THE RICCI FLOW 



11 



that is, the Gaussian density = the asymptotic reduced volume. 

Combined with the above proposition, Theorem [T] imphes the following corol- 
lary (compare with Proposition [T^ . 

Corollary 18. Let (M, gsir)), r G [0, oo) be the ancient solution to the Ricci flow 
determined by a complete gradient shrinking Ricci soliton {M,g,f) with bounded 
curvature. Then for any p G M, 

lim %,o)(r) = lim /(p,o)(r) = e(M). 

T—>-oo r—*oo 

We conclude this paper with a few remarks. 

Remark 19. (1) The author wonders whether Theorem [1] still holds under 
the assumption of Theorem [21 He believes that a more understanding of 
Perelman's reduced geometry from a geometric viewpoint is required to 
attack the problem. The reduced volume V{t) and /(r) are well-defined 
as long as -^g is bounded from below (see |Ye] . |EKNT] ) . 
(2) The reader is referred to Ni's paper [M] where he raises an interesting 
question closely related to our Theorem [H 

Acknowledgements 

The author would like to express his gratitude to his adviser Takao Yamaguchi 
for his encouragement. This work was supported in part by Research Fellowships 
of the Japan Society for the Promotion of Science for Young Scientists. 

References 

[CaNi] J. Carrillo and L. Ni, Sharp logarithmic Sobolev inequahties on gradient sohtons and 
apphcations, larXiv:0806.2417l 

[Ch] B.-L. Chen, Strong Uniqueness of the Ricci Flow, axXfv:0706.3081, 

[V0I2-I] B. Chow, S.-C. Chu, D. Glickenstein, C. Guenther, J. Isenberg, T. Ivey, D. Knopf, P. 
Lu, F. Luo and L. Ni, The Ricci flow: Techniques and applications. Part L Geometric aspects. 
Mathematical Surveys and Monographs, 135. American Mathematical Society, Providence, 
RI, 2007. 

[CLN] B. Chow, P. Lu and L. Ni, Hamilton's Ricci flow, Graduate Studies in Mathematics, 77. 

American Mathematical Society, Providence, RI; Science Press, New York, 2006. 
[Ec] K. Ecker, Regularity theory for mean curvature flow. Progress in Nonlinear Differential 

Equations and their Applications, 57. Birkhauser Boston, Inc., Boston, MA, 2004. 
[EKNT] K. Ecker, D. Knopf, L. Ni and P. Topping, Local monotonicity and mean value formulas 

for evolving Riemannian manifolds, J. Reine Angew. Math. 616 (2008), 89-130. 
[En] J. Enders, Reduced distance based at singular time in the Ricci flow. larXiv:0711. 05581 
[FIN] M. Feldman, T. Ilmanen and L. Ni, Entropy and reduced distance for Ricci expanders, 

J. Geom. Anal. 15 (2005), no. 1, 49-62. 

[Lo] J. Lott, Optimal transport and Perelman's reduced volume, to appear in Calc. Var. Partial 
Differential Equations. 

[McTo] R. McCann and P. Topping, Ricci flow, entropy and optimal transportation, to appear 
in Amer. J. Math. 

[Mii] R. Miiller, Differential Harnack inequalities and the Ricci flow, EMS Series of Lectures in 
Mathematics. European Mathematical Society (EMS), Ziirich, 2006. 

[Na] A. Naber, Noncompact Shrinking 4-Solitons with Nonnegative Curvature, 
larXiv:0710.5579. 



12 



TAKUMI YOKOTA 



[Ni] L. Ni, The entropy formula for linear heat equation, J. Geom. Anal. 14 (2004), no. 1, 
87-100; Addenda: J. Geom. Anal. 14 (2004), no. 2, 369-374. 

[Ni2] L. Ni, A matrix Li-Yau-Hamilton estimate for Kahler-Ricci flow, J. Differential Geom. 75 
(2007), no. 2, 303-358. 

[Ni3] L. Ni, Mean value theorems on manifolds, Asian J. Math. 11 (2007), no. 2, 277-304. 
[Pe] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, 
arXiv : mat h/0211159[ 

[To] P. Topping, iZ-optimal transportation for Ricci flow, to appear in J. Reine Angew. Math. 
[Wa] M.-A. Watson, A theory of subtemperatures in several variables, Proc. London Math. 
Soc. (3) 26 (1973), 385-417. 

[Ye] R. Ye, On the ^-Function and the Reduced Vohmie of Perelman I, Trans. Amer. Math. 
Soc. 360 (2008), no. 1, 507-531. 

[Yo] T. Yokota, Perelman's reduced volume and a gap theorem for the Ricci flow, to appear in 
Gomm. Anal. Geom. 

[Yo2] T. Yokota, A gap theorem for ancient solutions to the Ricci flow, to appear in Proceedings 
of the 1st MS J-SI, "Probabilistic Approach to Geometry" . 

[Zh] Z.-H. Zhang, On the Completeness of Gradient Ricci Solitons. larXiv:0807. 15811 

Graduate School of Pure and Applied Sciences, University of Tsukuba, 305- 
8571 Tsukuba, Japan 

E-mail address: takumiySmath.. tsukuba. ac.jp 



